
Calc BC 5.1b Notes and Examples Name: Block: Seat:

Intro to Euler’s Method (5.1b)

1. Given the di!erential equation
dy

dx
= x→ 2 and y(0) = 5:

(a) Find an approximation for y(0.8) using the tangent line at (0, 5).

m = y→(0) =
dy

dx

∣∣∣∣
(x,y)

=

The tangent line equation:

Your estimate of y(0.8) =

(b) The idea of Euler’s Method is to improve this estimate by taking more than one step. Find an

approximation for y(0.8) by using Euler’s (say “oilers”) method with two equal steps.

Let ”x =
0.8→ 0.0

2
=

What about ”y? Let slope m =
”y

”x
. Now solve for ”y.

”y =

Now for any point (x, y) of the curve, won’t the slope m at (x, y) be
dy

dx
? So we can write

”y = ”x ↑ dy

dx

∣∣∣∣
(x,y)

y(0) =

y(0.4) ↓ y(0) +”y = y(0) +”x ↑ y→(0) = + ( ) ↑ ( ) =

y(0.8) ↓ y(0.4) +”y = y(0.4) +”x ↑ y→(0.4) = + ( ) ↑ ( ) =

(c) Check your work by solving the di!erential equation.

(d) Check your work with Demos: https://www.desmos.com/calculator/p7vd3cdmei. Change g(x, y) =
x→ 2 and on new lines add your equation, and the points (0.8, f(0.8)) and (0.8, e) where f is your

solution to the di!erential equation, and e is your estimate using Euler’s method with two steps.

(e) Use GeoGebra https://www.geogebra.org/m/mPwa7SKk to improve your estimate:

With 4 Steps: With 8 Steps:

(f) Go to https://mathorama.com/ti/ and use EULERM .
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2. Given the di!erential equation
dy

dx
= 2x+ y Find the follwing

(a) If y(0) = 0 estimate y(3) using Euler’s Method with 3 steps.

(b) If y(0) = 0 estimate y(3) using Euler’s Method with 6 steps.

(c) If y(1) = 1 estimate y(0) using a step size (”x) of 0.5.
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y(0) = 0
DX =
20 = 1

y
(1) = 0 + (1)(0) = 0

y(2) = 0
+ (1)(2) = z

y(z) = 2 + (1)(b)
= 8

Dx = = = E

Y (0)
= 0

y (t) = 0 + z(0)
= 0

y (1)
= 0 + y(1) =2

y (2) = z
+(i) = 1 . 75

y (2) = 1 . 75 +(4. 757
=4 . 125

y (2
.5) = 4. 125 + +(8. 125)

= 5
.
1875

y (3)
= 8. 1875 + =(13 . 188) = 14

. 7825

(going backwards)
Ax = = =

-z

y(1) = 1

y (b) = 1 - ((3)=E

y (0) = E - E(z)= -
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3. (Inspired by 2013 BC 5) Consider the di!erential equation
dy

dx
= y2(2x + 2). Let y = f(x) be the

particular solution to the di!erential equation with initial condition f(0) = →1

(a) Find lim
x↑0

f(x) + 1

sinx

(b) Using the tangent line from (0,→1), estimate f

(
1

2

)
.

(c) Use
d2y

dx2

∣∣∣∣
(0,1)

to justify why you think the estimate in part (b) is an underestimate or an overesti-

mate.

(d) Use Euler’s method, starting at x = 0 with two steps of equal size, to approximate f

(
1

2

)
.
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= 8 , by2 top ,

=him2

m= (10
, 1)

= (- 1) (210) +2) = 2

using (0,-1) , y
+ 1 = 2X- 0 or y = 2x- 1

at ,
y
= 2(z) -1 = 0

+
y

G
↳ = 2y()(2x+2)

+ y z(z)

(0
. -,)

= 2)-1)(AIP(2(0)
+ 2))(2(0)+2) + (1)= - se =60 ,

so fi adoon

at 10, -1)

-
Henc an

overestimate

f (0) = - I

+(f) = - 1 + 1DX)(di
,
-x) = - 1 + ()(71z)=3

f(E)= + (b)(2)= +1)
=
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(e) Find y = f(x), the particular solution to the di!erential equation with initial condition f(0) = →1.

.

!

"

↓2 ↓1 1 2

↓2

↓1

1

2

(f) To check your work, graph f , the tangent line at (0,→1), and the point

(
1

2
, f

(
1

2

))
. Use your

calculator and/or https://www.desmos.com/calculator/p7vd3cdmei
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a
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4. Let y = f(x) be the solutions to the di!erential equation
dy

dx
= 2y→x with the initial condition f(1) = 2.

What is the approximation for f(0) obtained using Euler’s method with two steps of equal length starting

at x = 1?

(a) →5

4

(b) →1

(c)
1

4

(d)
1

2

(e)
27

4

5. Let y = f(x) be the solutions to the di!erential equation
dy

dx
= x → y → 1 with the initial condition

f(1) = →2. What is the approximation for f(1.4) if Euler’s method is used, starting at x = 1 with two

steps of equal size?

(a) →2

(b) →1.24

(c) →1.2

(d) →0.64

(e) 0.2
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+(x) 2 + 1x(x
,
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= 2 + -(212) - 1) = t

f(y) b + Ax(((x)
= +(2) -2) = i

f(l) = 2
B

f (1 . 2) = 2 + Ax(), ,)=
7 (1 .4)- +Dx() =

=-1. 24



Page 6 of 6 August 20 2026

St. Francis High School AP Calculus BC

(a)

y !

(b)d = o when axy

y
wood is 2 In 13)

(2) f(0) = 1
,
Step size Dx = -0. 2

+ 1 = 0 .2) rf(0) + dul
I 1 +(- 1))- 2) = 1 . 2

& ( - 0 . 4) = f( . 02) + t (
.
2
,

1 . 2)
*DX

= 1 . 2 + (- 1.6)(-2) = 1. 52

(in Qual)
x0, y>0

(d) = 2x - y

↓ = 2 - d
= 2 - (ax +h) = 2-2x + y)0

(In QuatI , so >0(
lors 1

.
524 fit) ,

so f is concave up
actual

Testimate below


